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1 Introduction and Total Phase

In the study of Dynamical Quantum Phase Transitions (DQPT), we monitor the Loschmidt
amplitude, which characterizes the overlap between the initial state and the evolved state:

gu(t) = (L(0)] e [T(0)) = rpe’ (1)

The total phase ¢pg is defined through the relation:
, 9k (1) >
Yr = —tln ( (2)
|gx(t)]

For a two-level system Hp = winy - &, the initial density matrix is prepared as a

thermal-like state: s
e Pk 1 m
pi(0) tr(e=PHr) 2 < w (3)

where m = tanh(Swy) is the effective magnetization.

2 Detailed Derivation of the Loschmidt Amplitude

The Loschmidt amplitude gi(t) is defined as the overlap between the initial state and the
time-evolved state. In the density matrix formalism, this is expressed as the trace of the
product of the initial density matrix and the evolution operator:

gi(t) = tr[pr(0)U(1)]
We distinguish between the initial state axis 7y, and the final (post-quench) Hamiltonian

axis 7iy r. Given pg(0) = %(00 —m(7ig - &) and Ug(t) = cos(wit)og — i(7ig ¢ - ) sin(wyt),
the expansion is:

gr(t) = %tr{[ao — m(7i, - &)][cos(wit)og — i(7ik, ¢ - &) sin(wgt)]}



We evaluate the trace by expanding the product into four terms:
(a) = %tr[cos(wkt)ao - og| = %Cos(wkt) tr(og) = cos(wgt)
(b) = —% tr[oo (e s - &) sin(wpt)] = —% sin(wet) tr(s - &) = 0
(c) = —5 tr[m(7iy, - &) cos(wgt)op] = —% cos(wyt) tr(fig - 6) =0

(d) = ? sin(wet) tr[(7 - 7) (7 s - 3)]

Using the identity (7 - A)(7 - B) = (A- B)I +iG - (A x B), we find:
tr[(ﬁk . O_:)(ﬁk’f . 5)] = tr[(ﬁk . ﬁhf)O'o + 10 - (ﬁk X T_l'hf)] = Q(ﬁk . ﬁk’f)
Substituting this back into term (d):

m . oL PPN .
(d) = o sin(wgt) - 2(7y - 7k, f) = tm(7ig - Ty, ) sin(wyt)

Defining By, = —m(7iy, - 7y, f), the Loschmidt amplitude becomes:

[ (t) = cos(wkt) — ZBk sin(wkt)

3 Analytical Calculation of Critical Times

Dynamical Quantum Phase Transitions (DQPT) occur when g (t) = 0. Using the derived
form:
cos(wit) — 1By sin(wgt) = 0 = cot(wit) = iBy

Applying the identity cot(z) = i coth(iz), we obtain:
coth(iwyt) = By

Solving for the complex time iwyt:
1 B 1
iwpt = coth ™' (By,) = 5 In (B;]: i_ 1)
1 1+ B 1 _
- 0] S a0

2
With In(—1) = i(2n + 1)7, the discrete set of critical times ¢, is:

1 )
thk = (n + —) T Ltanh_l(Bk)
2 Wi W

When the temperature is zero (5 — oo) and the states are perfectly orthogonal (7 -7y f =
0), By, vanishes, and the critical times are purely real:

t + L)y ™
nk = |TN =5 —
ok 2 WE



4 Non-Hermitian Biorthogonal Evolution
For non-Hermitian Hamiltonians where [H, H'] # 0, the standard Hermitian orthogonal-
ity fails. We invoke the biorthogonal basis {|s"),|s!)} satisfying:
H|s™) = swl|s"), H'|s") = sw*|s), (s'[s") =0 (5==1) (4)
The evolution operators for the right and left states are:
U (t) = e [+") (+] + | =") (-] (5)
U'(t) = e |47 ) (+] + e =) (| (6)
The product operator resulting from the biorthogonal evolution is:
UMUT = 2@ty (4 1] 4 e 2tm@)t) _ry (1] (7)

Remark on sign convention. Here w = wgr + iw; with w; = Im(w). A positive wy
corresponds to an amplifying (gain) mode, while a negative w; corresponds to a decaying
(loss) mode. The exponential factors in Eq. ([7)) follow directly from:

_ 62 Im(w)t (8)

. - T
e Zwt.e""t:e H(w—w*)t

which makes the gain/loss asymmetry between the |+") and |—") sectors explicit.

5 Exhaustive Term-by-Term Trace Calculations

The trace in the biorthogonal framework is defined as the sum over the diagonal elements:
tr(A) = <+l‘ Al+") + <—l‘ A|-="). We now expand every term for the operators required
in the dynamical phase integral.

5.1 Expansion of tr(U”UT)

Substituting the expansion of U"U":
tr(UlTUr) _ <_'_l’ (621m(w)t 47 <+1| 4 e Hm@)t | v <_ ) 14+7)
4 <_l‘ ( 2m(w)t | 47y <_’_l{ 1 e 2m(w)t |_r> <_1|) ")
X (A7) (H[+7) 4 7 (=) (1 |47)
e (=47 (=) e (=) (=) (9)
Applying <sl‘s”> = 059
tr(UMUT) = e2™@H(1)(1) + 0 + 0 + e 2™ (1)(1) = 2 cosh[2Im(w)¢] (10)

|

5.2 Expansion of tr(U”HUT)
Substituting the spectral decomposition of the Hamiltonian H = w |[+") (+' | —w|=") (- |:
tr(UHU™) = (+] (2t | 7y (+] + ¢~2m@)t | ) (—1)H |+
i <_1| (2t | 7 (+] + ¢~2m@)t | _ry (=')H|-")
2Im(w)t (47 (H] H 47 +e—2Im(w)t<_l’ Y= H ="
_ (1)) + e (1))
= (Mm@t _ e=2m@ty — 9 sinh[2Im(w )] (11)
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5.3 Expansion of tr(U”HUTH)
Using H? = w?(|+") (+'| + |-") {(~']) = @ Lyioren:
tr(UHU H) = tr(U'TU"H?)
— <_|_l’ UZTUTHQ H_r> + <_l’ UITUTHQ |_r>
— eZIm(w)t <+l‘+r> <+l’ H? H_r) + efZIrn(w)t <_l‘_r> <_l} H? ‘_r>
— 621m(w)t(1)<w2) + 672Im(w)t(1)(w2)
= W2 (Pt om2m(@)ty — 9,2 cosh[2Im (w)] (12)

6 Dynamical Phase Integration

The integrated Pancharatnam dynamical phase for p(0) = £(I — 2H) is:

w

1 /T s r(UTUTH) — 2 tr(UTHUTH) |
0

L (U0 ) — mtr(UHHU™)]
1 [T sinh2Im(w)t] —mcosh[2Im(w)t] , 1 (7 tanh[2Im(w)t] —m
B _ﬁ/o wcosh[QIm(w)t] — msinh[2Im(w)t] _ﬁ/() 1o m tanh[2Im(w)?] dt

(13)

7 Conclusion and Geometric Phase

7.1 Decomposition of the Total Phase

Recall from Section 1 that the total phase ¢gr(k,t) is extracted from the Loschmidt
amplitude via:

, 9k (t)
or(k,t) = —zln( ) (14)
|9k(1)]
In the Hermitian case, the standard Pancharatnam decomposition gives:

where ¢p is the dynamical phase accumulated by the energy expectation value, and ¢¢
is the purely geometric contribution. Inverting this relation defines the geometric phase:

¢G(k7 t) = ¢R(k> t) - ¢D(k7 t) (16)
In a non-Hermitian system the eigenvalues w € C, so the dynamical phase computed in
Section 6,
1 (" tanh[2Im(w)t] —m
k,t)=—— dt' € C 17
op(k, 1) h/o “1 — mtanh[2 Im(w)#’] S & (17)
is generically complex. Decompose it as:

¢p(k,t) = Re{op(k 1)} +ilm{op(k, 1)} (18)

Only the real part of ¢p contributes to the phase decomposition, and Eq. is replaced
by:

¢G(k7t> = ¢R(k7t) - Re{¢D(k>t)} (19)

4



7.2 Hermitian Limit and Recovery of the Topological Invariant

Taking Im(w) — 0, the two cases compare as follows:

w [ tanh[2Im(w)t'] — m
W dt’ 2
¢D|non—Herm h /O 1-— mtanh[? Im(W)t/] €C ( 0)
ool = [0 e &
DiHerm — h o 1—=0 A

Since ¢plperm € R, we have Re{¢p} = ¢p, and Eq. reduces to Eq. (16)):

mwp

h

¢G(ka t) |Herm = gbR(ka t) - t (22)

7.3 Winding Number

The geometric phase ¢¢(k,t) defined in Eq. serves as the foundation for the topo-
logical characterization of DQPTs. The winding number is defined by integrating the
k-gradient of ¢ across the full Brillouin zone:

u(t) = 5- / " 0k bkt di (23)

v(t) takes integer values and changes discontinuously at the critical times ¢ = t,, . derived
in Section 3, signalling a DQPT. A non-zero winding number indicates that the geometric
phase ¢¢(k,t) winds non-trivially around the Brillouin zone.
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